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We present a mirosopi theory of skyrmions in the monolayer quantum Hall ferromagnet. It
is a peuliar feature of the system that the number density and the spin density are entangled
intrinsially as ditated by the W∞ algebra. The skyrmion and antiskyrmion states are onstruted
as W∞-rotated states of the hole-exited and eletron-exited states, respetively. They are spin
textures aompanied with density modulation that dereases the Coulomb energy. We alulate
their exitation energy as a funtion of the Zeeman gap and ompared the result with experimental
data.
I. INTRODUCTION
Quantum oherene in the quantum Hall (QH) sys-
tem has proved to be a fasinating subjet during the
past deade
1,2
. Eletron spins are spontaneously polar-
ized even in the absene of the Zeeman eet due to the
exhange Coulomb interation, leading to the QH ferro-
magnet. A prominent harateristi is that a harged
exitation is a spin texture alled skyrmion
3
. It is a o-
herent exitation of spins, and its exitation an be on-
rmed if the number of ipped spins is found to be more
than that of a hole exitation
4
. A onventional way is to
measure the inrease of the ativation energy by tilting
samples
5,6
, whih is roughly proportional to the number
of ipped spins due to the Zeeman eet.
The skyrmion has been known
7
to be a lassial so-
lution to the nonlinear sigma model. Indeed, the on-
ept of skyrmion was introdued
3
into QH ferromag-
nets rst in this ontext. Subsequently a mirosopi
skyrmion state was onsidered to arry out a Hartree-
Fok approximation
8,9,10,11
. In this paper we elaborate
this idea and present a mirosopi theory of skyrmions
at the lling fator ν = 1, employing the framework of
nonommutative geometry
12
. We also ompare the result
with the experimental data
6
.
The property of eletrons beomes very peuliar when
they are onned within the lowest Landau level
13
. The
eletron position is desribed solely by the guiding en-
ter X = (X,Y ) subjet to the nonommutative re-
lation, [X,Y ] = −iℓ2B, with ℓB the magneti length.
This nonommutativity is related with the so-alled W∞
algebra
14,15
. When the spin degree of freedom is intro-
dued, the algebrai property beomes the SU(2) exten-
sion of the W∞ algebra
16
, whih we have named the
W∞(2) algebra
12
. It implies an intrinsi entanglement
of the number density and the spin density of eletrons,
whih amounts to a spin exitation aompanied with a
density modulation.
This paper is organized as follows. In Setion II we for-
mulate the number density and the spin density of ele-
trons onned within the lowest Landau level. They form
the W∞(2) algebra. In Setion III we address the ques-
tion whether there are states having the same eletron
number but a lower exitation energy ompared with the
hole state. In Setion IV we propose the skyrmion and
antiskyrmion states as W∞(2)-rotated states of the hole-
exited and eletron-exited states, respetively. They
agree with the anzats
8
made in a Hartree-Fok approxi-
mation. Sine a W∞(2) rotation modulates not only the
spin density but also the number density, it dereases
the Coulomb energy of the exitation. In Setion V we
derive the wave funtion of the skyrmion state. In par-
tiular we examine the ase where the wave funtion is
fatorizable in the eletron oordinates. We all suh a
skyrmion the fatorizable skyrmion. In Setion VI we
study the system governed by the hard-ore interation
instead of the Coulomb interation, where the fatoriz-
able skyrmion is an eigenstate of the Hamiltonian. How-
ever, it is shown that skyrmion exitations are energeti-
ally unfavored one the Zeeman eet is taken into a-
ount. In Setion VII we study the realisti system with
the Coulomb interation together with the Zeeman in-
teration. The fatorizable skyrmion annot be physi-
al sine its Zeeman energy diverges. We propose a trial
skyrmion whih interpolates the hole and the fatorizable
skyrmion. By minimizing the total energy we determine
the state as well as the exitation energy as a funtion
of the Zeeman gap. The result is ompared suessfully
with the experimental data
6
in Setion VIII. In Setion
IX we re-examine the semilassial approximation
17
in
the present ontext of the mirosopi theory. It is shown
that, though stritly speaking the fatorizable skyrmion
annot be physial, it still presents a reasonable approx-
imation with an appropriate uto of the divergent Zee-
man energy. Setion X is devoted for the onlusion.
II. DENSITY OPERATORS
Eletrons in a plane perform ylotron motion under
strong magneti eld B⊥ and reate Landau levels. The
oordinate x = (x, y) of the eletron is deomposed into
the guiding enter X = (X,Y ) and the relative oordi-
nate R = (Rx, Ry), x = X +R, where Rx = −Py/eB⊥
and Ry = Px/eB⊥ with P = (Px, Py) the ovariant
momentum. In the symmetri gauge the deomposition
2implies
X =
1
2
x− iℓ2B
∂
∂y
, Y =
1
2
y + iℓ2B
∂
∂x
, (2.1)
where ℓB =
√
~/eB⊥ is the magneti length. When the
ylotron energy gap is large, thermal exitations aross
Landau levels are pratially suppressed at suiently
low temperature. In suh a system the eletron position
is speied solely by the guiding enter subjet to the
nonommutative relation,
[X,Y ] = −iℓ2B. (2.2)
Due to this nonommutative relation an eletron an-
not be loalized and oupies an area 2πℓ2B alled the
Landau site. There are NΦ = S/2πℓ
2
B Landau sites per
one Landau level, where S is the area of the system. It
is equal to the number NΦ = B⊥S/ΦD of ux quanta
passing through the system, where Φ
D
= 2π~/e is the
Dira ux quantum. One Landau site may aommo-
date two eletrons with up and down spins aording
to the Pauli exlusion priniple. The lling fator is
ν = N/NΦ = 2πℓ
2
Bρ0, where N is the total number of
eletrons and ρ0 = N/S is the eletron density. The sys-
tem beomes inompressible, leading to the integer QH
eet, when the lling fator ν takes an integer value.
In this paper we study the QH system at ν = 1. Thus
all eletrons are assumed to be onned within the lowest
Landau level. We dene operators
b =
1√
2ℓB
(X − iY ), b† = 1√
2ℓB
(X + iY ) (2.3)
with (2.1). They obey [b, b†] = 1. The Landau site
|n〉 may be identied with the holomorphi basis |n〉 =
(n!)−1/2(b†)n|0〉. Its wave funtion is easily alulable,
〈x|n〉 =
√
1
2n+1πℓ2Bn!
zne−r
2/4ℓ2B , (2.4)
where z = (x+ iy) /ℓB and r = |x|. We now onstrut
the Fok spaeH
LLL
with the use of the reation operator
c†µ(n) on this Landau site |n〉, satisfying {cµ(n), c†ν(m)} =
δµνδnm, where µ denotes the spin index, µ =↑,↓.
We expand the two-omponent eletron eld Ψ =
(ψ↑,ψ↓) in terms of wave funtions,
ψµ(x) =
∑
n
〈x|n〉cµ(n). (2.5)
The physial variables are the number density ρ(x) =
Ψ†(x)Ψ(x) and the spin density Sa(x) =
1
2Ψ
†(x)τaΨ(x)
with the Pauli matrix τa. Substituting (2.5) into these
density operators, we obtain
ρ(x) =
∑
〈m|x〉〈x|n〉ρ(n,m), (2.6a)
Sa(x) =
∑
〈m|x〉〈x|n〉Sa(n,m) (2.6b)
with
ρ(n,m) =
∑
µ
c†µ(m)cµ(n), (2.7a)
Sa(n,m) =
1
2
∑
µν
c†µ(m) (τa)µν cν(n). (2.7b)
We employ the relation∫
d2x e−iqx〈m|x〉〈x|n〉 = e−ℓ2Bq2/4〈m|e−iqX|n〉, (2.8)
and transform them in the momentum spae,
ρ(q) = e−ℓ
2
Bq
2/4ρˆ(q), Sa(q) = e
−ℓ2Bq
2/4Sˆa(q), (2.9)
where
ρˆ(q) =
1
2π
∑
mn
〈m|e−iqX|n〉ρ(n,m), (2.10a)
Sˆa(q) =
1
2π
∑
mn
〈m|e−iqX|n〉Sa(n,m), (2.10b)
We all ρˆ(q) and Sˆa(q) the bare densities. In the oor-
dinate spae we have the relation
ρ(x) =
1
πℓ2B
∫
d2x′ e−|x−x
′|2/ℓ2B ρˆ(x′) (2.11)
between the physial density ρ(x) and the bare density
ρˆ(x).
The density operators generate the SU(2) extension of
the W∞ algebra,
[ρ(m,n), ρ(i, j)] = δmjρ(i, n)− δinρ(m, j),
[ρ(m,n), Sa(i, j)] = δmjSa(i, n)− δinSa(m, j),
[Sa(m,n), Sb(i, j)] =
i
2
εabc [δmjSc(i, n) + δinSc(m, j)]
+
1
4
δab [δmjρ(i, n)− δinρ(m, j)] ,
(2.12)
whih we have named
12
the W∞(2) algebra. The eletron
density and the spin density are intrinsially entangled
in the algebra, as implies that a spin rotation indues a
density modulation.
III. HAMILTONIAN
The Hamiltonian of the QH system onsists of a four-
fermion interation term and the Zeeman term, H =
H
V
+H
Z
with
H
V
=
1
2
∫
d2xd2y V (x− y)δρ(x)δρ(y), (3.1a)
H
Z
= −∆
Z
∫
d2xSz(x), (3.1b)
3where δρ(x) is the density exitation operator,
δρ(x) = ρ(x) − ρ0, (3.2)
and ∆Z = |g|µBB⊥ is the Zeeman gap with µB the Bohr
magneton. In the atual system V (x) is given by the
Coulomb potential, but here we only assume that it rep-
resents a repulsive interation.
Substituting the density operators (2.9) into these we
obtain
H
V
=
∑
mnij
Vmnij
∑
µν
c†µ(m)c
†
ν(i)cν(j)cµ(n)
+ (NΦ + δN)ǫX − (NΦ + 2δN) ǫD, (3.3a)
H
Z
=−∆
Z
∑
n
Sz(n, n), (3.3b)
where
Vmnij =
1
4π
∫
d2k V (k)e−ℓ
2
Bk
2/2〈m|eiXk|n〉〈i|e−iXk|j〉,
(3.4)
with V (k) the Fourier transformation of the potential
V (x). We have used the notation
δN =
∫
d2x δρ(x), (3.5a)
ǫ
D
=
∑
j
Vnnjj =
ρ0
2
∫
d2xV (x), (3.5b)
ǫ
X
=
∑
j
Vnjjn =
ρ0
2
ℓ2B
∫
d2k V (k)e−ℓ
2
Bk
2/2, (3.5)
where ǫ
D
and ǫ
X
are the diret and exhange energy pa-
rameters, respetively.
In the QH state at ν = 1, the number of eletrons
is equal to the number of Landau sites. One Landau
site ontains one eletron due to the repulsive intera-
tion. The system without the Zeeman eet (∆
Z
= 0) is
most interesting. An intriguing feature is that the SU(2)
symmetry is spontaneously broken by the repulsive in-
teration and all spins are spontaneously polarized, as
demonstrated in Appendix A. Thus the QH system is a
ferromagnet, where quantum oherene develops sponta-
neously.
Without loss of generality we may take
|g〉 =
∏
n
c†↑(n)|0〉 (3.6)
as the ground state. It satises
ρ(m,n)|g〉 = δmn|g〉, Sz(m,n)|g〉 = 1
2
δmn|g〉, (3.7)
and
H
V
|g〉 = 0. (3.8)
A hole-exited and eletron-exited states are given by
|h〉 = c↑(0)|g〉, |e〉 = c†↓(0)|g〉, (3.9)
with their energies
〈h|H
V
|h〉 = 〈e|H
V
|e〉 = ǫ
X
. (3.10)
The main question is whether there are states having
the same eletron number but a lower exitation energy
ompared with the hole-exited or the eletron-exited
state.
IV. MICROSCOPIC SKYRMION STATES
We onsider a W∞(2)-rotated state of the hole-exited
state |h〉 and the eletron-exited state |e〉,
|S−
sky
〉 = eiW−c↑(0)|g〉, (4.1a)
|S+
sky
〉 = eiW+c†↓(0)|g〉, (4.1b)
where W± are elements of the W∞(2) algebra (2.12).
The Coulomb energy of the state depends on W±, sine
the W∞(2) rotation modulates not only the spin texture
but also the eletron density around the hole or eletron
exitation. The element W± is to be determined by re-
quiring the exitation energy to be minimized. As we
shall see soon, |S−
sky
〉 and |S+
sky
〉 desribe the skyrmion
and antiskyrmion states. We use the index (−) for the
skyrmion and (+) for the antiskyrmion.
Similarly,
|S−
sky
; k〉 =eiW c↑(0) · · · c↑(k − 1)|g〉, (4.2)
|S+
sky
; k〉 =eiW˜ c†↓(0) · · · c†↓(k − 1)|g〉 (4.3)
desribe a multi-skyrmion and a multi-antiskyrmion as
W∞(2)-rotated states of a multi-hole state and a multi-
eletron state.
More generally we may onsider a wide lass of states
presented by
|S〉 = eiW |S0〉, (4.4)
where |S0〉 is a state of the form
|S0〉 =
∏
µn
[
c†µ (n)
]νµ(n) |0〉, (4.5)
where νµ(n) may take the value either 0 or 1 depend-
ing whether the spin state µ at a site n is oupied or
not. The lass of states (4.4) is quite general though
it may not embrae all possible ones. Nevertheless all
physially relevant states seem to fall in this ategory. In-
deed, as far as we know, perturbative exitations are spin
waves and nonperturbative exitations are skyrmions in
QH systems. The orresponding states belong surely to
this ategory.
4The eletron number of the W∞(2)-rotated state (4.4)
is easily alulable,
〈S|N |S〉 = 〈S0|e−iWNe+iW |S0〉 = 〈S0|N |S0〉, (4.6)
sine N =
∑
n
∑
µ c
†
µ(n)cµ(n) is a Casimir operator. We
set
δN l = 〈S|N |S〉 − 〈g|N |g〉. (4.7)
This is the eletron number arried by the exitation de-
sribed by the state |S〉. It is an integer sine the eletron
number of the state |S〉 is the same as that of the state
|S0〉.
We examine more in detail the state (4.1) with δN l =
∓1. A simplest W∞(2) rotation mixes only neighboring
two sites and is given by the hoie of W− =
∑∞
n=0W
−
n
with
iW−n = αn
[
c†↓(n)c↑(n+ 1)− c†↑(n+ 1)c↓(n)
]
, (4.8)
where αn is a real parameter. Note that W
−
n is a Her-
mitian operator belonging to the W∞(2) algebra, and
[W−n ,W
−
m ] = 0. We nd
e+iW
−
c†↑(n+ 1)e
−iW− = e+iW
−
n c†↑(n+ 1)e
−iW−n ≡ ξ†(n),
(4.9)
sine the spin-up operator c†↑(n+ 1) is ontained only in
W−n . We alulate ξ
†(n) using the standard tehnique
of deriving the dierential equation with respet to αn.
Sine it satises
d2ξ†(n)
dα2n
= −ξ†(n) (4.10)
together with the initial ondition dξ†/dαn = c
†
↓(n) at
αn = 0, we integrate it as
ξ†(n) = u−(n)c
†
↓(n) + v−(n)c
†
↑(n+ 1), (4.11)
where we have set u−(n) = sinαn and v−(n) = cosαn.
Thus the onstraint
u2−(n) + v
2
−(n) = 1 (4.12)
is imposed on u−(n) and v−(n). We now nd
|S−
sky
〉 = eiW−
∏
n=0
c†↑(n+ 1)|0〉 =
∏
n=0
ξ†(n)|0〉, (4.13)
where we have used (4.9) and e−iW
−
n |0〉 = 0.
Similarly we hoose W+ =
∑
nW
+
n in (4.1b) with
iW+n =
∑
n
βn
[
c†↓(n+ 1)c↑(n)− c†↑(n)c↓(n+ 1)
]
.
(4.14)
We nd
|S+
sky
〉 = c†↓(0)
∏
n=0
ζ†(n)|0〉, (4.15)
where
ζ†(n) = u+(n)c
†
↑(n) + v+(n)c
†
↓(n+ 1) (4.16)
together with
u2+(n) + v
2
+(n) = 1, (4.17)
sine u+(n) = cosβn and v+(n) = sinβn. The states
(4.13) and (4.15) agree with the skyrmion state and the
antiskyrmion state proposed by Fertig et al.
8
, respe-
tively.
The operators ξ(m) and ζ(n) satisfy the standard
anonial antiommutation relations,
{ξ(m), ξ†(n)} =δmn, {ξ(m), ξ(n)} = 0,
{ζ(m), ζ†(n)} =δmn, {ζ(m), ζ(n)} = 0, (4.18)
with the use of the onstrains (4.12) and (4.17). Sine
these states should approah the ground state asymptot-
ially it is neessary that
lim
n→∞
u−(n) =0, lim
n→∞
v−(n) = 1,
lim
n→∞
u+(n) =1, lim
n→∞
v+(n) = 0. (4.19)
For later onveniene we dene
u−(−1) =1, v−(−1) = 0,
u+(−1) =0, v+(−1) = 1 (4.20)
in aordane with (4.12) and (4.17).
In what follows we alulate expliitly the lassial den-
sities
ρ±l(m,n) ≡〈S±
sky
|ρ±(m,n)|S±
sky
〉, (4.21)
S±la (m,n) ≡〈S±
sky
|S±a (m,n)|S±
sky
〉. (4.22)
The basi relations for the skyrmion state are
c↑(n)|S−
sky
〉 =v−(n− 1)ξ(n− 1)|S−
sky
〉,
c↓(n)|S−
sky
〉 =u−(n)ξ(n)|S−
sky
〉. (4.23)
They redue the ation of c operators to that of ξ,
thus allowing to arry out exat alulus. We employ
〈S−
sky
|ξ†(m)ξ(n)|S−
sky
〉 = δmn together with (4.23) and
its onjugate. In this way we ome to
ρ±(n, n) = u2±(n) + v
2
±(n− 1),
S±z (n, n) = ±
1
2
[
u2±(n)− v2±(n− 1)
]
,
S±x (n+ 1, n) = S
±
x (n, n+ 1) =
1
2
u±(n)v±(n),
S±y (n+ 1, n) = −S±y (n, n+ 1) =
i
2
u±(n)v±(n). (4.24)
All other omponents, ρ±(n,m), et., vanish. Here and
hereafter we omit the supersript "l". By substituting
5these into the physial density (2.6), we obtain
ρ±(x)
ρ0
=e−|z|
2/2
∑
n=0
[
u2±(n) + v
2
±(n− 1)
]( |z|2
2
)n
,
S±z (x)
ρ0
=± 1
2
e−|z|
2/2
∑
n=0
u2±(n)− v2±(n− 1)
n!
( |z|2
2
)n
,
S±x (x)
ρ0
=
x√
2ℓB
e−|z|
2/2
∑
n=0
u±(n)v±(n)
n!
√
n+ 1
( |z|2
2
)n
,
S±y (x)
ρ0
=± y√
2ℓB
e−|z|
2/2
∑
n=0
u±(n)v±(n)
n!
√
n+ 1
( |z|2
2
)n
.
(4.25)
We have alulated the lassial densities of the W∞(2)-
rotated states of a hole-exited and eletron-exited
states, whih ontain innitely many variables u±(n) and
v±(n). We estimate the energies of these states and min-
imize them in later setions.
V. N-BODY WAVE FUNCTIONS
We onsider the N -eletron system over N + 1 sites.
The wave funtion of a many-body state |S〉 is dened
by
Sµ1µ2···µN [x] = 〈0|ψµ1(x1)ψµ2(x2) · · ·ψµN (xN )|S〉,
(5.1)
where ψµ(x) is given by (2.5), or
ψµ(x) = ρ
1/2
0 e
−|z|2/4
N∑
n=0
α(n)zncµ(n) (5.2)
with
α(n) =
√
1
2nn!
. (5.3)
For the hole-exited state |h〉 = c↑(0)|g〉 it is easy to see
S
h
[x] =
N∏
r
(
zr
0
)
S
LN
[x], (5.4)
where S
LN
[x] is the Slater determinant of the one-body
wave funtions,
S
LN
[x] = ρ
N/2
0
∣∣∣∣∣∣∣∣∣
1 z1 · · · zN−11
1 z2 · · · zN−12
.
.
.
.
.
.
.
.
.
.
.
.
1 zN · · · zN−1N
∣∣∣∣∣∣∣∣∣
e−
∑
N
r=1
|zr|
2/4. (5.5)
The wave funtion of the state |h〉 is fatorizable in the
eletron oordinates apart from the fator S
LN
[x].
We proeed to derive the wave funtion of the skyrmion
state (4.13). First we examine the omponent with all
spins up, to whih only the term v−(n)c
†
↑(n+1) in ξ
†(n)
ontributes,
S
−
↑↑···↑[x] =
N−1∏
n=0
v−(n)〈0|
N∏
i=1
ψ↑(xi)
N∏
n=1
c†↑(n)|0〉. (5.6)
Apart from the fator
∏N−1
n=0 v−(n) this is nothing but
the wave funtion of a hole. Thus
S
−
↑↑···↑[x] = CN
N∏
n=1
znSLN[x], (5.7)
where CN =
∏N
n=1 α(n)v−(n− 1). Next we onsider the
omponent with all spins down, whih arises only from
the term u−(n)c
†
↓(n) in ξ
†(n),
S
−
↓↓···↓[x] =
N∏
n=1
u−(n)〈0|
N∏
i=1
ψ↓(xi)
N∏
n=1
c†↓(n)|0〉
=CN
N−1∏
n=0
βnSLN[x]. (5.8)
Here we have set
βn =
α(n)u−(n)
α(n+ 1)v−(n)
=
u−(n)
v−(n)
√
2(n+ 1) (5.9)
with (5.3). Comparing (5.7) and (5.8) we remark that
the wave funtion S
sky
↓↓···↓[x] is obtained by replaing zn
with βn−1 within the fator
∏
zn of the wave funtion
S↑↑···↑[x] for all n. The wave funtion with mixed spin
omponents is similarly derived, where zn is replaed
with βn−1 for ertain indies n within the fator
∏
zn.
In general we derive
S
−
µ1µ2···µN [x] = CNe
−
∑N
r=1
|zr|
2/4
×
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(
z1
β0
)
µ1
z1
(
z1
β1
)
µ1
· · · zN−11
(
z1
βN−1
)
µ1(
z2
β0
)
µ2
z2
(
z2
β1
)
µ2
· · · zN−12
(
z2
βN−1
)
µ2
.
.
.
.
.
.
.
.
.
.
.
.(
zN
β0
)
µN
zN
(
zN
β1
)
µN
· · · zN−1N
(
zN
βN−1
)
µN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(5.10)
This is the wave funtion of the skyrmion.
It is notable that, when all βn are equal (βn =
√
2ω),
or
u−(n)
v−(n)
√
2(n+ 1) = βn =
√
2ω, (5.11)
it is redued to
S
−
sky
[x] =
N∏
r
(
zr√
2ω
)
S
LN
[x]. (5.12)
6The wave funtion is fatorizable as in the ase of a hole.
We all suh a skyrmion the fatorizable skyrmion. As we
shall see in the following setion, this is the wave funtion
of the skyrmion in the hard-ore model. It is quite di-
ult to write down the wave funtion of an antiskyrmion
in terms of the analyti variable zr. We disuss it in
Appendix B.
VI. HARD-CORE INTERACTION
We rst investigate a detailed struture of skyrmions
in the system governed by the hard-ore interation,
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V (x− y) = δ2(x− y), (6.1)
instead of the Coulomb interation. The Hamiltonian
(3.1a) reads
H
h
=
1
2
∫
d2x δρ(x)δρ(x). (6.2)
All previous formulas hold with
Vmnij =
1
8π2
∫
d2k e−ℓ
2
Bk
2/2〈m|eiXk|n〉〈i|e−iXk|j〉
=
1
8πℓ2B
√
(m+ i)!(n+ j)!√
m!i!n!j!
δm+i,n+j√
2m+i+n+j
, (6.3)
and
ǫ
D
= ǫ
X
=
1
4πℓ2B
. (6.4)
We rewrite (6.2) into the normal ordered form,
H
h
=
∫
d2x ψ†↑(x)ψ
†
↓(x)ψ↓(x)ψ↑(x)−
1
4πℓ2B
∫
d2x δρ(x).
(6.5)
The ground state |g〉 is given by (3.6) as an eigenstate
of the Hamiltonian, H
h
|g〉 = 0. A hole-exited and
eletron-exited states are given by |h〉 = c↑(0)|g〉 and
|e〉 = c†↓(0)|g〉.
We determine the skyrmion and antiskyrmion states by
minimizing the energy of the W∞(2)-rotated state (4.1).
We deal with the skyrmion state (4.13) expliitly, but
similar formulas follow also for the antiskyrmion state
(4.15).
We dene the state
|S′〉 =ψ↓(x)ψ↑(x)|S−
sky
〉
=
∑
mn
ϕm(x)ϕn(x)c↓(m)c↑(n)|S−
sky
〉. (6.6)
Using (4.23) we ome to
|S′〉 =
∑
m=0
∑
n=0
ϕm(x)ϕn+1(x)u−(m)v−(n)ξ(m)ξ(n)|S−
sky
〉,
(6.7)
where we have used v(−1) = 0. Hene
∫
d2x 〈S′|S′〉 = 2
∑
k,l=0
v−(k)u−(l)v−(l)u−(k)Vk+1,k,l,l+1 .
(6.8)
Using (6.3) we obtain
∫
d2x 〈S′|S′〉 (6.9)
=
1
8πℓ2B
∑
k,l=0
(k + l + 1)!
k!l!2k+l+1
[
v−(k)u−(l)√
k + 1
− v−(l)u−(k)√
l + 1
]2
> 0.
(6.10)
The skyrmion energy 〈S−
sky
|H
h
|S−
sky
〉 is minimized when
the equality is ahieved, as ours when the fatorizable-
skyrmion ondition (5.11) is satised, or
u2−(n) =
ω2
n+ 1 + ω2
, v2−(n) =
n+ 1
n+ 1 + ω2
(6.11)
due to the normalization (4.12).
It follows |S′〉 = 0 when the equality holds in (6.8).
Hene, |S−
sky
〉 is an eigenstate of the Hamiltonian with
δN l = −1,
H
h
|S−
sky
〉 = 1
4π
∫
d2x δρ(x)|S−
sky
〉 = − 1
4π
δN l|S−
sky
〉.
(6.12)
Similarly, when
u2+(n) =
n+ 1
n+ 1 + ω2
, v2+(n) =
ω2
n+ 1 + ω2
(6.13)
the antiskyrmion state is an eigenstate of the Hamilto-
nian with δN l = 1,
H
h
|S+
sky
〉 = 1
4π
∫
d2x δρ(x)|S+
sky
〉 = 1
4π
δN l|S+
sky
〉.
(6.14)
We may summarize them as H
h
|S±
sky
〉 = E
h
|S±
sky
〉 with
E
h
= |δN l|/4π. The skyrmion state and the anti-
skyrmion state are the lowest energy states possessing the
eletron numbers δN l = −1 and δN l = 1, respetively.
In onlusion, we have determined the W∞(2)-rotated
states (4.1) by minimizing the energy, though their en-
ergy is independent of the sale ω and degenerates with
the hole-exited and eletron-exited state.
The physial densities an be expressed in terms of the
Kummer funtion M(a; b;x),
M(a; a+ 1;x) = a
∞∑
n=0
xn
(n+ a)n!
, (6.15)
7as
δρ±(x)
ρ0
=± e− 12 |z|2M(ω2;ω2 + 1; |z|2/2)
∓ ω
2
ω2 + 1
e−
1
2
z2M(ω2 + 1;ω2 + 2; |z|2/2),
S±z (x)
ρ0
=
1
2
− 1
2
e−
1
2
|z|2M(ω2;ω2 + 1; |z|2/2)
− 1
2
ω2
ω2 + 1
e−
1
2
|z|2M(ω2 + 1;ω2 + 2; |z|2/2),
S±x (x)
ρ0
=
1√
2
ωx/ℓB
ω2 + 1
e−
1
2
|z|2M(ω2 + 1;ω2 + 2; |z|2/2),
S±y (x)
ρ0
=
±1√
2
ωy/ℓB
ω2 + 1
e−
1
2
|z|2M(ω2 + 1;ω2 + 2; |z|2/2),
(6.16)
with |z|2 = r2/ℓ2B. We have illustrated the density ρ−(r)
for typial values of the parameters ω in Fig.1.
FIG. 1: The density modulation (ρ−/ρ0) aompanied with
the skyrmion exitation is plotted as a funtion of the radius
(r/ℓB). The heavy urve (t = 1) is for the hard-ore model
based on (6.16) for the hoie of ω = 0.25, 0.5, 1, 2, while the
heavy urve (t = 0) represents the density of a hole. The thin
urves represent the interpolating formula (7.8) for t = 0.50,
0.75, where the parameter t is dened by (7.5).
Using the relations
M(1; b;x) =1 +
x
b
M(1; b+ 1;x),
M(a; b; z) =ezM(b− a; b;−z), (6.17)
we are able to summarize the densities as
δρ+(x) = −δρ−(x), S±a (x) = ρ−(x)S±a (x), (6.18)
with
Sx(x) = 2λx
r2 + λ2
, Sy(x) = ∓2λy
r2 + λ2
,
Sz(x) =r
2 − λ2
r2 + λ2
, (6.19)
and
ρ−(x) =
r2 + λ2
2ℓ2B + λ
2
M(1;ω2 + 2;−|z|2/2)ρ0, (6.20)
where we have set λ =
√
2ωℓ. It is interesting that
the physial spin densities S±a (x) are fatorizable into
the number density ρ−(x) and the normalized spin
eld S±a (x) as in (6.18). The normalized spin eld
(6.19) agrees with the nonlinear-sigma-model skyrmion
onguration
7
.
We explore the properties of the density modulation.
The skyrmion is redued to a hole for λ = 0, where ρ−(x)
is given by
ρ−(x) =
(
1− e−r2/2ℓ2B
)
ρ0 (6.21)
and vanishes at r = 0. On the other hand, ρ−(x) > 0 for
all λ 6= 0 with
ρ−(0) =
λ2
λ2 + 2ℓ2B
ρ0. (6.22)
We an expand ρ−(x) in a power series of ℓ2B as follows.
Let us set
ρ−(x) =
(
1− 2ℓ
2
B
λ2 + 2ℓ2B
f(r2)
)
ρ0. (6.23)
By omparing (6.23) with (6.20), f(x) is found to be the
Kummer funtion of the form
f(x) =M(2;
λ2
2ℓ2B
+ 2;− x
ℓ2B
) (6.24)
with x = r2, and satises the Kummer equation,
2ℓ2Bx
d2f
dx2
+ (λ2 + x+ 4ℓ2B)
df
dx
+ 2f = 0. (6.25)
This an be solved by expanding f in a power series of
ℓ2B, f =
∑
n=0 fnℓ
2n
B . In partiular, the lowest order term
is given by setting ℓ2B = 0, whose result is
f0(x) =
λ4
(x+ λ2)
2 . (6.26)
Hene we have
ρ−(x) =
(
1− 2λ
2ℓ2B
(r2 + λ2)
2 +O(ℓ
4
B)
)
ρ0, (6.27)
or
δρ±(x)
ρ0
=± 2λ
2ℓ2B
(r2 + λ2)
2 +O(ℓ
4
B), (6.28a)
S±z (x)
ρ0
=
1
2
− λ
2
r2 + λ2
+O(ℓ2B). (6.28b)
The densities ρ±(x) as well as S±z (x) approah the
ground-state values only polynomially.
8Finally we examine what happens when the Zeeman
interation is taken into aount. The number of spins
ipped around a skyrmion is given by
N
spin
=
∫
d2x
{
Slz (x)−
1
2
ρ0
}
, (6.29)
whih we all the skyrmion spin. Substituting (6.18) into
this, unless λ = 0, we nd N sky
spin
to diverge logarithmi-
ally due to the asymptoti behavior,
lim
r→∞
Slz (x) =
ρ0
2
(
1− 2λ
2
r2
)
. (6.30)
The Zeeman energy Hsky
Z
= −∆
Z
N
spin
is divergent, ex-
ept for the hole, from the infrared ontribution however
small the Zeeman eet is. The fatorizable skyrmion
(6.18) is no longer valid. There exists a skyrmion state
whih has a nite Zeeman energy: See an example of
(7.5) we use for the Coulomb interation. Neverthe-
less, we an show that the hole state has the lowest
energy. The reason reads as follows. The fatoriz-
able skyrmion is an eigenstate of the hard-ore Hamil-
tonian, H
h
|S±
sky
〉 = E
h
|S±
sky
〉 with E
h
= |δN l|/4π,
as in (6.12). Aordingly any spin texture |S〉 possess-
ing the same eletron number δN l has a higher energy,
〈S|H
h
|S〉 ≥ E
h
. Furthermore its Zeeman energy is
larger than that of the hole, 〈S|H
Z
|S〉 ≥ 12∆Z. Hene,
〈S| (H
h
+H
Z
) |S〉 ≥ E
h
+
1
2
∆
Z
, (6.31)
where the equality holds for the hole state. Consequently
there are no skyrmions in the presene of the Zeeman
interation in the system with the hard-ore interation.
VII. COULOMB INTERACTION
We next investigate the realisti system (3.1a) gov-
erned by the Coulomb Hamiltonian H
C
with the
potential
V (x− y) = e
2
4πε|x− y| , (7.1)
for whih the exhange energy parameter reads
ǫ
X
=
√
2π
4
ǫ
C
(7.2)
with ǫ
C
= e2/4πεℓB the Coulomb energy unit. It is hard
to onstrut the skyrmion state expliitly as an eigen-
state. We are satised to estimate the exitation energy
of a skyrmion by minimizing the expetation value of the
Hamiltonian.
Before so doing, it is instrutive to estimate the
Coulomb energy by using the fatorizable skyrmion
(6.18) obtained in the hard-ore model. The result is
very dierent from the one in the hard-ore model. The
Coulomb energy is a monotonously dereasing funtion
of the sale parameter λ, and
lim
λ→∞
〈H
C
〉 = ±8πJs (7.3)
with
Js =
1
16
√
2π
ǫ
C
. (7.4)
Consequently, an innitely large skyrmion is neessarily
exited. However, when the Zeeman interation is intro-
dued, the Zeeman energy of the fatorizable skyrmion
diverges due to the asymptoti behavior (6.30). Namely
the fatorizable skyrmion annot be a quasipartile in the
realisti Coulomb system.
It is neessary to onsider a skyrmion not fatoriz-
able as in (6.18). Making a slight generalization of the
parametrization (6.11) we searh for a skyrmion possess-
ing a nite energy even in the presene of the Zeeman
eet. We propose an anzats,
u2−(n) = v
2
+(n) =
ω2t2n+2
n+ 1 + ω2
. (7.5)
The parameter t presents a smooth interpolation between
the hole (t = 0) and the fatorizable skyrmion (t = 1).
This anzats automatially satises the ondition (4.20)
for n = −1.
Substituting (7.5) into (4.25) we obtain
δρ±(x)
ρ0
=± e− 12 |z|2M(ω2;ω2 + 1; t|z|
2
2
)
∓ t
2ω2
ω2 + 1
e−
1
2
|z|2M(ω2 + 1;ω2 + 2;
t|z|2
2
),
S±z (x)
ρ0
=
1
2
− 1
2
e−
1
2
|z|2M(ω2;ω2 + 1;
t|z|2
2
)
− 1
2
t2ω2
ω2 + 1
e−
1
2
|z|2M(ω2 + 1;ω2 + 2;
t|z|2
2
),
S±x (x)
ρ0
=
tωx/ℓB√
2
e−
1
2
|z|2
∑
n
1
n!
ϑn(w, t)
n+ 1 + ω2
(
t|z|2
2
)n
,
S±y (x)
ρ0
=
±tωy/ℓB√
2
e−
1
2
|z|2
∑
n
1
n!
ϑn(w, t)
n+ 1 + ω2
(
t|z|2
2
)n
,
(7.6)
where
ϑn(w, t) =
√
1 +
1− t2n+2
n+ 1
ω2. (7.7)
It is easy to see that various densities approah the
ground-state values exponentially fast for all t 6= 1. Using
9(6.17), we an rewrite these as
δρ±(x)
ρ0
=± e− 12 (1−t2)|z|2M(1;ω2 + 1;−t2|z|2/2)
∓ t
2ω2
ω2 + 1
e−
1
2
(1−t2)|z|2M(1;ω2 + 2;−t2|z|2/2),
S±z (x)
ρ0
=
1
2
− 1
2
e−
1
2
(1−t2)|z|2M(1;ω2 + 1;−t2|z|2/2)
− 1
2
t2ω2
ω2 + 1
e−
1
2
(1−t2)|z|2M(1;ω2 + 2;−t2|z|2/2).
(7.8)
We have illustrated the density ρ−(r) for typial values
of the parameters ω and t in Fig.1.
It is instrutive to expand them in power series of ℓ2B.
Setting
(1− t2)|z|2 = (1− t2)r2/ℓ2B = r2/
(
β2 + ℓ2B
)
, (7.9)
and writing down similar equations to (6.25), we obtain
the lowest order term as
δρ±(x)
ρ0
=±
[
2λ2ℓ2B
(r2 + λ2)2
+
2λ2ℓ2B
(r2 + λ2)β2
+O(ℓ4B)
]
e−r
2/β2 ,
(7.10a)
S±z (x)
ρ0
=
1
2
−
[
λ2
r2 + λ2
+O(ℓ2B)
]
e−r
2/β2 . (7.10b)
The Zeeman energy remains nite due to a rapid derease
to the ground-state value.
In alulating the expetation value of the Coulomb
Hamiltonian we appeal to the deomposition formula,
〈H
C
〉 = Hl
D
+Hl
X
, (7.11)
ditating that the Coulomb energy onsists of the diret
energy Hl
D
and the exhange energy Hl
X
. We have al-
ready used it on a ase-by-ase basis in our previous
papers.
12,19,20
In Appendix C we derive the formula for
the lass of states (4.4). Here the diret and exhange
energies read
Hl
D
=π
∫
d2k V (k)e−
1
2
ℓ2Bk
2
δρˆl(−k)δρˆl(k), (7.12a)
Hl
X
=π
∫
d2k δV
X
(k)
[
Sˆ
l
a (−k)Sˆ
l
a (k) +
1
4
ρˆl(−k)ρˆl(k)
]
,
(7.12b)
in terms of the bare densities, where δV
X
(k) = V
X
(0) −
V
X
(k) with
V
X
(k) ≡ ℓ
2
B
π
∫
d2k e−iℓ
2
Bk∧k
′
e−
1
2
ℓ2Bk
′2
V (k′)
=4ε
X
ℓ2Be
− 1
4
ℓ2Bk
2
I0
(
k2
4
)
, (7.13)
and I0(z) is the modied Bessel funtion.
FIG. 2: The skyrmion exitation energy is plotted as a fun-
tion of the normalized Zeeman gap g˜ = ∆
Z
/ǫ
C
. The heavy
solid urve is obtained by the numerial analysis based on the
density formulas (7.6). The thin line is the hole exitation
energy. It is seen that a skyrmion is exited for g˜ < 0.045
but a hole is pratially exited for g˜ > 0.045. We have
also given the exitation energy alulated analytially based
on the simplied formula (9.21), whih is represented by the
dotted urve. The two urves are pratially idential for
g˜ < 0.038. The inset is an enlargement of the gure near
g˜ = 0.04, where three urves meet.
We are able to determine the parameters ω and t so
as to minimize the sum of the Coulomb and Zeeman en-
ergies, 〈H〉
sky
= 〈H
C
〉
sky
+ 〈H
Z
〉
sky
, as a funtion of the
Zeeman gap ∆
Z
. Calulating numerially 〈H〉
sky
as a
funtion of ω and t for a given value of ∆
Z
, we determine
the values of ω and t whih minimizes 〈H〉
sky
. In this
way we obtain the skyrmion exitation energy 〈H〉
sky
as
a funtion of ∆
Z
. We have plotted the exitation en-
ergy 〈H〉
sky
as a funtion of the normalized Zeeman gap
g˜ = ∆
Z
/ǫ
C
in Fig.2, where ǫ
C
is the Coulomb unit.
VIII. EXPERIMENTAL DATA
A skyrmion exitation is haraterized by a oherent
exitation of spins. Hene an evidene of the skyrmion
exitation is given if N
spin
> 1/2, whereN
spin
= 1/2 for a
hole or an eletron exitation. It is a remarkable fat that
skyrmions have already been observed experimentally in
QH systems
4,5,6
.
Let us show the number of ipped spins is given by
N
spin
=
d〈H〉
sky
d∆
Z
. (8.1)
The exitation energy E
sky
= 〈H〉
sky
is the sum of
the Coulomb energy E
C
= 〈H
C
〉
sky
and Zeeman energy
∆
Z
N
spin
, whih depend on a set of parameters (t,ω) de-
noted olletively by t for simpliity. The quantity to
minimize with respet to t is
E
sky
(t) = E
C
(t) + ∆
Z
N
spin
(t). (8.2)
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At the minimum we obtain
∂E
C
∂t
+∆
Z
∂N
spin
∂t
= 0, (8.3)
from whih we solve out t = t0(∆Z) and substituting it
bak into (8.2),
E
sky
(∆
Z
) =E
C
[t0(∆Z)] + ∆ZNspin [t0(∆Z)] , (8.4a)
N
spin
(∆
Z
) =N [t0(∆Z)] . (8.4b)
Using (8.3) it is easy to verify that
N
spin
(∆
Z
) =
dE
sky
(∆
Z
)
d∆
Z
, (8.5)
whih is (8.1).
FIG. 3: A theoretial result on the ativation energy ∆
gap
of
a skyrmion-antiskyrmion pair is ompared with experimental
data at ν = 1. The data are taken from Shmeller et. al..6 The
theoretial urve is based on the formula (8.6) with γ = 0.56.
We have taken Γ
oset
= 0.41 for sample SI1. The oset Γ
oset
inreases as the mobility dereases. The skyrmion spin is
one half of the slope of the ativation-energy urve, N
spin
=
1
2
∂∆
gap
/∂g˜, where ∆
gap
is taken in units of ǫ
C
. The number
N
spin
depends sensitively on the normalized Zeeman gap g˜ for
small g˜. The thin line is for the hole exitation energy. It is
seen that a hole is pratially exited for g˜ > 0.03.
To ompare our theoretial result with experimental
data, it is neessary to take into aount two points so
far negleted.
First, what we observe experimentally is the thermal
ativation energy of a skyrmion-antiskyrmion pair. But
this ativation takes plae in the presene of harged im-
purities. The existene of harged impurities redues the
ativation energy onsiderably. We inlude an oset pa-
rameter Γ
oset
to treat this eet phenomenologially.
21
Seond, we have so far assumed an ideal two-
dimensional spae for eletrons. This is not the ase.
Eletrons are onned within a quantum well of a nite
width. This modies the Coulomb energy onsiderably.
The Coulomb energy beomes smaller than what we have
assumed. It is quite diult to make a rigorous analysis
of the Coulomb energy in an atual quantum well. We
simulate the eet by inluding the redution fator γ.
We onsider the exitation energy of a skyrmion-
antiskyrmion pair sine it is an observable quantity. It is
simply twie of the skyrmion exitation energy. Taking
into aount these two points, instead of (8.2) we set the
ativation energy as
∆
gap
(t) = 2γE
C
(t) + 2∆
Z
N(t)− Γ
oset
, (8.6)
where 0 < γ < 1. Repeating the same steps as for (8.4)
we ome to
Eγ(∆Z) =γEsky
(
∆
Z
γ
)
− Γ
oset
, (8.7a)
Nγ(∆Z) =Nspin
(
∆
Z
γ
)
=
∂Eγ(∆Z)
∂∆
Z
, (8.7b)
with the use of E
sky
(∆
Z
) and N
spin
(∆
Z
) derived in (8.4).
Experimental data
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were obtained in three samples
(Fig.3): a single heterointerfae (SI1) and two GaSa sin-
gle quantum wells (QW1 and QW2) with widths of 20nm
and 14nm. The sample SI1 has a muh wider thik-
ness of the two-dimensional sheet. In Fig.3, from top
to bottom the sample mobilities are 3.4, 0.52, 0.18 and
0.16 × 106 m−2, respetively. We have ompared our
theoretial result (8.6) suessfully with the experimen-
tal data by making appropriate hoies of the redution
fator γ and the oset parameter Γ
oset
in Fig.3. We have
used γ = 0.6 for all samples. It would imply the thikness
independene of the exitation energy, suggesting that a
skyrmion has a ertain xed size in the third diretion.
However this problem is yet to be explored. On the other
hand we have used dierent values of Γ
oset
for eah. We
have set Γ
oset
= 0.4 for sample SI1, and have found
that Γ
oset
inreases as the mobility dereases. This is
reasonable sine both the mobility and the oset Γ
oset
represent impurity eets.
IX. SEMICLASSICAL APPROXIMATION
The formulas we have used to estimate the skyrmion
exitation energy are quite ompliated. The modula-
tions of the eletron density and the spin density, being
expressed only in innite power series as in (7.6), are very
diult to handle with. Skyrmion exitations have been
observed also in bilayer QH systems
22,23,24
, where it is
pratially impossible to repeat the alulations arried
11
out here beause too many dynamial variables are in-
volved. We have already applied a semilassial approx-
imation to those systems
19
. In this setion we ompare
the semilassial result with the mirosopi result.
In the semilassial approximation we an make the
spin-harge separation of the eletron eld based on the
omposite-boson piture,
17
ψµ(x) = ψ(x)nµ(x), (9.8)
where the U(1) led ψ(x) arries the eletri harge while
the CP
1
eld nµ(x) arries the spin. It leads to the fa-
torization of the spin eld Sa(x) into the number density
ρ(x) and the normalized spin eld Sa(x),
Sa(x) = ρ(x)Sa(x) (9.9)
with
Sa(x) = 1
2
n†µ(x) (τa)µν nν(x). (9.10)
The CP
1
eld of the skyrmion is given by
17
nν(x) =
1√
|z|2 + λ2
(
z
λ
)
(9.11)
together with the normalized spin eld (6.19), and the
wave funtion is fatorizable as in (5.12). We may also
derive the soliton equation
17
1
4π
∇2 ln ρl(x) − ρl(x) + ρ0 = 2λ
2ℓ2B
(r2 + λ2)
2 ρ0, (9.12)
whih determines the density modulation around the
harge exitation.
We evaluate the exitation energy in the lowest order
of ℓ2B by assuming a large-sale skyrmion. It orresponds
to the ommutative limit in the mirosopi sheme.
The Coulomb energy is given by (7.12). To alulate
the diret energy (7.12a) we take the leading term in the
solution of the soliton equation (9.12),
δρl(x) ≃ 2λ
2ℓ2B
(r2 + λ2)
2 ρ0, (9.13)
whih agrees with the leading term in the density mod-
ulation (6.28a) in the mirosopi theory. The diret
Coulomb energy (7.12a) reads
Hl
D
= π
∫
d2k V (k)e−ℓ
2
Bk
2/2δρl(−k)δρl(k) = 3π
2
128κ
ǫ
C
,
(9.14)
where κ = λ/2ℓB.
In alulating the exhange energy (7.12b), sine the
exhange potential V
X
(x) is short-ranged, we make the
derivative expansion and take the lowest order term. It
is to make an approximation in (7.12b),
δV
X
(k) ≃ − 2Js
πρ20
k2 (9.15)
with (7.4). Furthermore we approximate ρl(x) ≃ ρ0 in
the exhange energy in the lowest order of ℓ2B. Then
the exhange energy turns out to be the nonlinear sigma
model,
Hl
X
=
Js
2
∑
a
∫
d2x [∂kSla (x)]2. (9.16)
This is bounded from below,
Hl
X
≥ ±8πJsQsky. (9.17)
The lower bound, Hl
X
= 8πJs, is saturated by the
skyrmion onguration (6.19). We note that the Hamil-
tonian Hl
X
desribes a spin wave. The oherene length
ξ is given by
ξ2 =
2Js
ρ0∆Z
=
√
2π
8g˜
ℓ2B (9.18)
in the presene of the Zeeman eet.
We ut o the divergene of the Zeeman energy. First,
the skyrmion exitation ours within the oherent do-
main with the oherene length ξ. Seond, the skyrmion
size is proportional to the sale parameter κ. The Zee-
man energy is approximated as
〈H
Z
〉
sky
=
λ2g˜
2ℓ2B
ln
(
α2ξ2
4ℓ2B
+ 1
)
, (9.19)
where we have ut o the upper limit of the integration
at r = ακξ with a phenomenologial parameter α.
Substituting these into (9.14), we obtain
〈H〉
sky
=
[
1
4
√
π
2
β +
3π2
128κ
+ 2κ2g˜ ln
(
α2
√
2π
32g˜
+ 1
)]
ǫ
C
,
(9.20)
where we have introdued another phenomenologial pa-
rameter β to redue the exhange energy, sine the true
exhange energy is smaller than 8πJs. Minimizing this
with respet to κ analytially we obtain
〈H〉
sky
≃
{
1
4
√
π
2
β +
9π2
256κ
}
ǫ
C
, (9.21)
with
κ ≃ 1
2
(
3π2
64
)1/3{
g˜ ln
(
α2
√
2π
32g˜
+ 1
)}−1/3
. (9.22)
We have plotted the result in Fig.2. It reprodues exel-
lently the previous numerial result for g˜ < 0.038 with
the hoie of α = 1.4 and β = 0.9. We may pratially
use it even in the region where a hole is exited. We have
thus onrmed the validity of the semilassial approxi-
mation.
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X. CONCLUSION
In this paper we have presented a mirosopi the-
ory of skyrmions in QH ferromagnets. We have shown
that the skyrmion is a W∞(2)-rotated state of a hole-
exited state. Beause of an intrinsi entanglement be-
tween the eletron density and the spin density implied
by the W∞(2) algebra, a W∞(2) rotation modulates not
only the spin onguration but also the eletron den-
sity around a hole, thus dereasing the Coulomb en-
ergy. Similarly, the antiskyrmion is a W∞(2)-rotated
state of an eletron-exited state. There is a simple
type of skyrmion state haraterized by the fat that its
wave funtion is fatorizable in the eletron oordinates.
We all it the fatorizable skyrmion. It orresponds to
the nonlinear-sigma-model skyrmion previously derived
in the semilassial approximation. We have analyzed the
skyrmion state in the realisti Coulomb system with the
Zeeman interation. By minimizing the exitation energy
we have estimated the ativation energy of a skyrmion-
antiskyrmion pair. The result is found to explain the
experimental data
6
remarkably well.
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APPENDIX A: SPONTANEOUS SYMMETRY
BREAKING
We analyze the problem of spontaneous symmetry
breaking due to a repulsive interation between eletrons
in the ν = 1 QH system. We assume that every Landau
site is oupied by one eletron. The problem is to show
that the spin polarized state is the lowest-energy state
though the Hamiltonian (3.1a) involves no spin variables.
We start with a proof, whih makes the physial meh-
anism of spontaneous symmetry breaking lear. Aord-
ing to the deomposition formula (7.11) the energy of the
four-fermion interation Hamiltonian (3.1a) is a sum of
the diret and exhange energies (7.12), or 〈S|H
V
|S〉 =
Hl
D
+Hl
X
with
Hl
D
=π
∫
d2k V (k)e−
1
2
ℓ2Bk
2 ∣∣δρˆl(k)∣∣2 , (A1a)
Hl
X
=π
∫
d2k δV
X
(k)
[∣∣∣Sˆla (k)∣∣∣2 + 14 ∣∣ρˆl(k)∣∣2
]
, (A1b)
where V (k) > 0 and δV
X
(k) > 0 for a repulsive in-
teration. Here, ρˆl(k) = 〈S|ρˆ(k)|S〉 and Sˆla (k) =
〈S|Sˆa(k)|S〉. The key observation is that, though the
Hamiltonian (3.1a) involves no spin variables, the energy
of a state does. It is important that both the energies are
positive semidenite. The diret energyHl
D
is insensitive
to spin orientations, and it vanishes for the homogeneous
eletron distribution sine δρˆl(k) = 0. The exhange en-
ergy Hl
X
depends on spin orientations. The spin texture
is homogeneous when the spin is ompletely polarized,
where Sˆ
l
a (k) ∝ δ(k). Furthermore, ρˆ
l(k) ∝ δ(k) due
to the homogeneous eletron distribution. For suh a
spin orientation the exhange energy also vanishes sine
δV
X
(k) = V
X
(k) − V
X
(0) = 0 in (A1a). On the other
hand, Hl
X
> 0 if the spin is not polarized ompletely
sine Sˆ
l
a (k) ontains nonzero momentum omponents.
Consequently the spin-polarized state has the lowest en-
ergy, whih is zero. Hene the exhange interation is the
driving fore of spontaneous symmetry breaking.
We may present another proof, whih is mathemati-
ally more formal. First of all, the state
|g〉 =
∏
n
c†↑(n)|0〉 (A2)
is an eigenstate of the Hamiltonian (3.1a) with the zero
energy, H
V
|g〉 = 0. It is one of the ground states. We
shall prove the following: (a) any globallyW∞(2)-rotated
state is degenerate with |g〉; (b) any loally W∞(2)-
rotated state has a positive energy.
A spin rotated state of |g〉 is |Ω〉 = e−iΩ|g〉 with
Ω =
∑
a
∑
mn
ξa(m,n)Sa(n,m), (A3)
where ξa(m,n) is a Hermitian matrix, [ξa(m,n)]
∗ =
ξa(n,m). We alulate how the rotation e
iΩ
aets the
polarized spin for an innitesimal parameter ξa. Using
2〈g|Sa(m,n)|g〉 = δazδmn, (A4)
we get
2〈Ω|Sa(m,n)|Ω〉 = δazδmn +
∑
bc
ǫabcδczξb(m,n). (A5)
Only relevant transformations are generated by ξx(m,n)
and ξy(m,n), sine ξz(m,n) does not aet the spin po-
larization. Besides we are interested in transformations
rotating spins without moving eletrons from site to site.
Then the parameter is redued to ξa(m,n) = ξa(m)δmn.
The energy indued by an innitesimal transformation
is
2〈Ω|H
V
|Ω〉 =
∑
a=x,y
∑
mn
[ǫ
X
δmn − Vmnnm] ξa(m)ξa(n),
(A6)
where we have set 〈g|H
V
|g〉 = 0. The question is the
positive deniteness of the quantity
E(ξ) = [ε
X
δkn − Vkn] ξkξn, (A7)
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where Vkn ≡ Vknnk is the symmetri matrix.
Without loss of generality we assume the site index
to run up to a nite value NΦ, whih will eventually
be taken to innity. The analysis of (A7) is redued to
the analysis of the eigenvalues of Vkn. Introduing the
omplex valued funtion
ϕ(x,y; ξ) =
∑
k
ξkϕ
∗
k(x)ϕk(y), (A8)
we write∑
kn
Vknξkξn =
1
2
∫
d2xd2yV (x− y) |ϕ(x,y; ξ)|2 > 0.
(A9)
Hene, Vkn is positive denite, and all of its eigenvalues
are positive.
Now we refer to Gershgorin's theorem
25
, whih orig-
inally deals with omplex matries. Formulating for a
real matrix with positive elements akn > 0 the theorem
reads as follows. Let Λk be the numbers dened as
Λk =
∑
n6=k
akn > 0. (A10)
Then all of the eigenvalues of akn lie in the union of the
segments [akk − Λk , akk + Λk].
In our ase we have
Λk =
∑
n6=k
Vkn =
∑
n
Vkn − Vkk = εX − Vkk (A11)
so that the segments appear as [2Vkk − εX, εX]. On the
other hand, we have shown that the eigenvalues of Vkn
are positive. Consequently, irrespetive of the value of
2Vkk − εX, we onlude that they lie within the segment
[0, ε
X
], meaning that the eigenvalues Ek of the quadrati
form (A7) satisfy the ondition
0 6 Ek 6 εX. (A12)
The eigenstate of the lowest eigenvalue E = 0 is given by
ξk = ξ,∑
n
[εXδkn − Vkn] ξn = ξ
∑
n
[εXδkn − Vkn] = 0, (A13)
whih orresponds to a global rotation of eletron spins,
while for an arbitrary loal rotation we have E(ξ) > 0. It
implies the degeneray of the ground states only under
a global rotation, leading to a spontaneous symmetry
breaking of the rotational symmetry.
APPENDIX B: ANTISKYRMIONS
An antiskyrmion is a W∞(2)-rotated state of the
eletron-exited state. We onsider the antiskyrmion
state (4.15),
|S+
sky
〉 =c†↓,0
[
u+0 c
†
↑,0 + v
+
0 c
†
↓,1
] [
u+1 c
†
↑,1 + v
+
1 c
†
↓,2
]
· · ·
[
u+N−1c
†
↑,N−1 + v
+
N−1c
†
↓,N
]
c†↑,N |0〉 (B1)
with (u+n )
2+(v+n )
2 = 1. We note that the state omprises
N +2 eletrons over N +1 sites. Here and hereafter, for
notational simpliity, we set cµn ≡ cµ(n), u+n ≡ u+(n)
and so on.
In ontrast with the skyrmion state (4.13), the anti-
skyrmion state |S+
sky
〉 does not lead to a wave funtion
with any reasonable struture like (5.10). The expres-
sion for general N is tehnially diult to write down.
As an example we present the one for N = 2. Up to
multipliative fators it appears as
S
+
↑↑↑↑ =0, (B2a)
S
+
↓↑↑↑ =(z2 − z3)(z2 − z4)(z3 − z4), (B2b)
S
+
↓↓↑↑ =(z1 − z2)(z3 − z4)
× [z3z4 − (z1 + z2)(z3 + z4)] , (B2)
S
+
↓↓↓↑ =(z1 − z2)(z1 − z3)(z2 − z3)z24 , (B2d)
S
+
↓↓↓↓ =0, (B2e)
where no reasonable order is seen.
In this respet skyrmions and antiskyrmions might be
regarded to possess rather dierent properties. Atually,
this is not so sine the above sheme of dealing with an-
tiskyrmions is not quite satisfatory beause of the fol-
lowing observation.
The skyrmion state (4.13) omprises N eletrons, and
the wave funtion (5.10) desribes these eletrons in
terms of its N omplex arguments. On the other hand,
the antiskyrmion wave funtion omprises N+2 omplex
arguments, whih at rst sight seems to math the num-
ber of eletrons in the orresponding Fok state. How-
ever, sine two eletrons out of those N + 2 are xed
at n = 0 and n = N , they annot be transferred to
the neighboring sites. Therefore, though onstruted of
N + 2 eletrons, the antiskyrmion onguration om-
prises only N − 1 site-transferrable eletrons, whih is
exatly the same as in the skyrmion state. In other word,
the skyrmion and antiskyrmion Fok states omprise the
equal number of the degrees of freedom, sine the two
xed eletrons arry no degrees of freedom at all. Nev-
ertheless, the antiskyrmion wave funtion involves N +2
omplex arguments, whih does not math the number of
site-transferable eletrons. There is nothing wrong there,
and the answer to this mismath is that the omponents
of antiskyrmion wave funtion are not independent, but
subjet to ertain funtional relations. The most trans-
parent manifestation of this statement are the relations
(B2a) and (B2e).
Though the sheme is not wrong by itself, it is inonve-
nient to work with. All these diulties disappear if we
develop a dual piture based on the eletron-hole sym-
metry. So far the antiskyrmion Fok state is built up via
reating eletrons in the vauum state. The dual piture
deals with the same state via removing eletrons from
the ompletely lled system of N + 1 sites. Namely, up
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to the overall sign, the state (B1) an be rewritten as
|S+
sky
〉 = [v+0 c↑,0 − u+0 c↓,1] [v+1 c↑,1 − u+1 c↓,2]
· · · [v+N−1c↑,N−1 − u+N−1c↓,N ]∏
µn
c†µn|0〉. (B3)
We now introdue the hole annihilation operators c˜µn
and the hole vauum |0˜〉,
c˜↑↓,n = c
†
↓↑,n |0˜〉 =
∏
µn
c†µn|0〉
with c˜µn|0˜〉 = 0 and {c˜µm, c˜†νn} = δµνδmn.
Now the antiskyrmion Fok state an be presented as
|S+
sky
〉 =
[
v+0 c˜
†
↓,0 − u+0 c˜†↑,1
] [
v+1 c˜
†
↓,1 − u+1 c˜†↑,2
]
· · ·
[
v+N−1c˜
†
↓,N−1 − u+N−1c˜†↑,N
]
|0˜〉, (B4)
where the analogy with the skyrmion state is manifest.
In the same way we introdue the hole eld operator
as ψ˜↑↓(r) = ψ
†
↓↑(r), or equivalently
ψ˜µ(x) = ρ
1/2
0 e
−|z¯|2/4
∑
n=0
α(n)z¯nc˜µ(n) (B5)
where z¯ = (x− iy) /ℓB.
Now the wave funtion of the antiskyrmion state om-
prising N + 2 eletrons ontains N variables z¯1, . . . , z¯N .
So the unphysial degrees of freedom assoiated with two
non-transferable eletrons of (B1) do not appear at all,
sine those two eletrons are aounted within the ground
state |0˜〉.
Using the analogy with (5.10) it is straightforward to
write down the N -body wave funtion of antiskyrmion
onguration. We obtain
S
+
µ1µ2···µN [x] = CNe
−
∑N−1
r=1 |zr|
2/4
×
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
z¯01
(
z¯1
κ˜0
)
µ1
z¯11
(
z¯1
κ˜1
)
µ1
· · · z¯N−11
(
z¯1
κ˜N−1
)
µ1
z¯02
(
z¯2
κ˜0
)
µ2
z¯12
(
z¯2
κ˜1
)
µ2
· · · z¯N−12
(
z¯2
κ˜N−1
)
µ2
.
.
.
.
.
.
.
.
.
.
.
.
z¯0N
(
z¯N
κ˜0
)
µN
z¯1N
(
z¯N
κ˜1
)
µN
· · · z¯N−1N
(
z¯N
κ˜N−1
)
µN
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(B6)
as in (5.10).
APPENDIX C: DECOMPOSITION FORMULA
We prove the deomposition formula (7.11), aording
to whih the four-fermion interation energy onsists of
the diret energy and the exhange energy. We evaluate
the energy of a state |S〉 in the lass of states (4.4),
〈H
V
〉 = 〈S|H
V
|S〉, (C1)
where the Hamiltonian is given by (3.1a). We assume
that the eletron eld arries the SU(N
f
) isospin index,
µ = 1, 2, . . . , N
f
. For the sake of auray we rst on-
sider a system with a nite number of Landau sites
(m = 0, 1, . . . , NΦ − 1) and take the limit NΦ → ∞ in
nal expressions. It is onvenient to ombine the isospin
and site indies into a multi-indexM ≡ (µ,m), where the
multi-index runs over the values M = 1, 2, . . . , N
f
NΦ.
The W∞(Nf) algebra is idential to the algebra
U(N
f
NΦ) in the limit NΦ → ∞, and the transformation
rules for the fermion operators appear as
e−iW cMe
iW =(U)MM ′cM ′ ,
e−iW c†Me
iW =c†M ′(U
†)M ′M , (C2)
where U is an (N
f
NΦ)× (NfNΦ) unitary matrix, UU † =
U †U = I(N
f
NΦ)×(N
f
NΦ). Here and hereafter the repeated
index implies the summation over it.
We rst alulate the two-point averages by the state
|S〉 = eiW |S0〉 in (4.4). Using (C2) we get
〈S|c†McN |S〉 = (U †)KM (U)NL〈S0|c†KcL|S0〉. (C3)
For the state |S0〉 given by (4.5) we have
〈S0|c†KcL|S0〉 = νKδKL, (C4)
whih eventually leads to
〈S|c†McN |S〉 = νK(U)NK(U †)KM . (C5)
Carrying out analogous manipulations in four-point av-
erages we get
〈S|c†Mc†ScT cN |S〉 =(U †)KM (U †)IS(U)TJ (U)NL
× 〈S0|c†Kc†IcJcL|S0〉. (C6)
We an use
〈S0|c†Kc†IcJcL|S0〉 = νJνL(δIJδKL − δILδKJ) (C7)
for the state |S0〉. Substituting (C7) into (C6) and a-
ounting (C5) we summarize as
〈S|c†Mc†ScT cN |S〉 =〈S|c†McN |S〉〈S|c†ScT |S〉
− 〈S|c†McT |S〉〈S|c†ScN |S〉, (C8)
where the diret and exhange terms are easily reog-
nized. Here, we have
〈S|c†µ(m)cν(n)|S〉 =
δνµ
N
f
ρl(n,m) + (λA)νµS
l
A(n,m),
(C9)
in terms of deoupled spin and site indies, where
ρl(m,n) and SlA(m,n) are dened by (4.21) with λA
the Gell-Mann matrix, A = 1, · · · , N2
f
− 1.
In this way we ahieve at the deomposition formula,
〈H
V
〉 = Hl
D
+Hl
X
, (C10)
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where the diret and the exhange parts are given by
Hl
D
=Vmnijρ
l(n,m)ρl(j, i)− (NΦ + 2∆N)ǫD, (C11)
Hl
X
=− 2VmnijSlA(j,m)SlA(n, i)−
1
N
f
Vmnijρ
l(j,m)ρl(n, i)
+ (NΦ + δN)ǫX. (C12)
They read (A1) in the momentum representation.
In deriving the formula for Hl
X
we have aounted
V
X
(0) = 4ℓ2ǫX and also the relation
NΦ + δN
4πℓ2B
=
1
4πℓ2B
∫
d2x ρˆl(x)
=
∫
d2k [SˆlA(−k)SˆlA(k) +
1
2N
f
ρˆl(−k)ρˆl(k)]. (C13)
This relation is derived as follows. We deal with the
quantity
〈S|c†McK |S〉〈S|c†KcN |S〉 = νK(U)NK(U †)KM , (C14)
where we have used (C5) and ν2K = νK sine νK = 0 or
1. Comparing this with (C5) we onlude
〈S|c†McK |S〉〈S|c†KcN |S〉 = 〈S|c†McN |S〉, (C15)
whih is
〈S|c†µ(m)cκ(k)|S〉〈S|c†κ(k)cν(n)|S〉 = 〈S|c†µ(m)cν(n)|S〉.
(C16)
Substituting (C9) into this we nd
SˆlA(n, k)Sˆ
l
A(k,m) +
1
4N
f
ρˆl(n, k)ρˆl(k,m) =
1
2
ρˆl(n,m).
(C17)
This amounts to (C13) in the momentum spae.
1
Z.F. Ezawa, Quantum Hall Eets: Field Theoretial Ap-
proah and Related Topis (World Sienti, 2000).
2
S. Das Sarma and A. Pinzuk (eds), Perspetives in Quan-
tum Hall Eets (Wiley, 1997).
3
S.L. Sondhi, A. Karlhede, S.A. Kivelson and E.H. Rezayi,
Phys. Rev. B 47 (1993) 16419.
4
S.E. Barrett, G. Dabbagh, L.N. Pfeier, K.W. West and
R. Tyko, Phys. Rev. Lett. 74 (1995) 5112.
5
E.H. Aifer, B.B. Goldberg and D.A. Broido, Phys. Rev.
Lett. 76 (1996) 680.
6
A. Shmeller, J.P. Eisenstein, L.N. Pfeier and K.W. West,
Phys. Rev. Lett. 75 (1995) 4290.
7
R. Rajaraman, Solitons and Instantons (North-Holland,
1982).
8
H.A. Fertig, L. Brey, R. Cote and A.H. MaDonald, Phys.
Rev. B 50 (1994) 11018.
9
M. Abolfath, J.J. Palaios, H.A. Fertig, S.M. Girvin and
A.H. MaDonald, Phys. Rev. B 56 (1997) 6795.
10
A.H. MaDonald, H.A. Fertig and L. Brey, Phys. Rev. Lett.
76 (1996) 2153.
11
H.A. Fertig, L. Brey, R. Cote and A.H. MaDonald, A.
Karlhede and , Phys. Rev. B 55 (1997) 10671.
12
Z.F. Ezawa, G. Tsitsishvili and K. Hasebe, Phys. Rev. B67
(2003) 125314.
13
S.M.Girvin, A.H.MaDonald and P.M.Platzman, Phys.
Rev. B 33 (1986) 2481.
14
S. Iso, D. Karabali, and B. Sakita, Phys. Lett. B 196, 143
(1992).
15
A. Cappelli, C. Trugenberger, and G. Zemba, Nul. Phys.
B 396 (1993) 465.
16
Z.F. Ezawa, Phys. Rev. B 55 (1997) 7771.
17
Z.F. Ezawa, Phys. Rev. Lett. 82 (1999) 3512.
18
B-H. Lee, K. Moon and C. Rim, Phys. Rev. D 64 (2001)
85014.
19
Z.F. Ezawa and G. Tsitsishvili, Phys. Rev. B70 (2004)
125304.
20
Z.F. Ezawa, M. Eliashvili and G. Tsitsishvili, Phys. Rev.
B 71 (2005) 125318.
21
K. Sasaki and Z.F. Ezawa, Phys. Rev. B 60 (1999) 8811.
22
S.Q. Murphy, J.P. Eisenstein, G.S. Boebinger, L.N. Pfeier
and K.W. West, Phys. Rev. Lett. 72 (1994) 728.
23
A. Sawada, D. Terasawa, N. Kumada, M. Morino, K.
Tagashira, Z.F. Ezawa, K. Muraki, T. Saku and Y. Hi-
rayama, Physia E 18 (2003) 118.
24
D. Terasawa, M. Morino, K. Nakada, S. Kozumi, A.
Sawada, Z.F. Ezawa, N. Kumada, K. Muraki, T. Saku and
Y. Hirayama, Physia E 22 (2004) 52.
25
e.g. [15.814℄ in I.S. Gradshteyn and I.M. Ryzhik, Table of
Integrals, Series, and Produts, Sixth Edition (Aademi
Press, 2000).
